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A Language of Processes
Assume a set of names/channels z, y, z, . . ., we define processes:
P,Q = z(y).P send y along channel/session z, continue as P
z(y).P receive z along z, continue as P{?/y}
z().P close z, continue as P
z().P  wait-close z, continue as P
P| @ parallel composition of P and @
(vz)P restriction: z is local to P

0 inaction

This is a variant of the m-calculus (Milner, Parrow & Walker, 1992).
e In (vy)P and z(y).P, name y is bound with scope P.
o We write P{¥/z} to denote the substitution of z for y in P.



Process Synchronizations, Informally

> A ‘basic’ reduction step:

z(y).P|z(2).Q — P| Q{Y/z}
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(vy)z(y). P | z(2).Q — (vy)(P | Q{Y/2})
Observe: The scope of the local name y extends after reduction!
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Process Synchronizations, Informally

> A ‘basic’ reduction step:
z(y).Plz(2).Q — P | Q{¥/z}

» Consider the process (vy)zZ(y).P | z(z).Q. Name y is bound (a ‘secret’ to P).
We have a synchronization:

(vy)z(y). P | z(2).Q — (vy)(P | Q{Y/2})
Observe: The scope of the local name y extends after reduction!

» Now consider (vz)((vy)z(y).P|z(2).Q)| z(u).R.
Both the message y and the channel z are bound. We have the reduction:

(vz)((vy)z(y).P | 2(2).Q) | z(v).R — (vz)(vy)(P | Q{Y/2}) | z(u).R
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Process Synchronizations, Formally
Reduction, written P — @), is a binary relation defined by the rules:
z(z).Plz(y).Q — P Q{#*y} z(O.Plz()Q —P|Q

pPp— P pPp— P P=P —=Q'=Q
PlQ—P|Q (vz)P — (vz)P' P— Q

where = is a
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Process Synchronizations, Formally
Reduction, written P — @), is a binary relation defined by the rules:
z(z).Plz(y).Q — P Q{#*y} z(O.Plz()Q —P|Q

pPp— P pPp— P P=P —=Q'=Q
PlQ—P|Q (vz)P — (vz)P' P— Q

where = is a structural congruence on processes defined as follows:

Plo=P P=,Q=P=Q
PlQ=Q|P PI(QIR)=(P|Q)IR
(vz)0=0 e (P)=P|(vz)Q = (vz)(P| Q)

(vz)(vy)P = (vy)(vz)P
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Session Types: A Language of Protocols

S = 1U;S send value of type U, continue as S

‘ U S receive value of type U, continue as S
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Session Types: A Language of Protocols

S:=1U;S send value of type U, continue as S
U S receive value of type U, continue as S
&{l Sy, by Sp} branching 3, . . ., S,. (external choice)
(L,..., I, are labels)
S{l S, by Sp} select (internal choice) between Sy, ..., S,
ut.S ‘ t recursion
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Session Types: A Language of Protocols

S:=1U;S
U S
&{l Sy,
a{l S,
ut.s | ¢t
end

Notice:

.

y

Sn}

send value of type U, continue as S

receive value of type U, continue as S

branching S;, . . ., S, (external choice)
(L,..., I, are labels)

select (internal choice) between Sy, ..., Sp

recursion

terminated protocol

e Sequential communication patterns (no built-in concurrency).
e U stands for basic values (e.g. int) but also other sessions S.
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Example: A Two-Buyer Protocol

‘,«{ Alice and Bob cooperate in buying a book from Seller:
&VC 1. Alice sends a book title to Seller, who sends a quote back.

2. Alice checks whether Bob can contribute in buying the book.
3. Alice uses the answer from Bob (yes/no) to interact with
Seller, either:

a) completing the payment and arranging delivery details
b) canceling the transaction

4. In case 3(a) Alice contacts Bob to get his address, and
forwards it to Seller.

Rakuten 4" In case 3(b) Alice is in charge of gracefully concluding the

kObO conversation.

Note: The structure of messaging matters!



Session Types for The Two-Buyer Protocol

Two independent protocols, with Alice “leading” the interactions:
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Session Types for The Two-Buyer Protocol

Two independent protocols, with Alice “leading” the interactions:
1. A session type for Seller (in its interaction with Alice):

buy : ?paym; 7address; lok; end
Ssp = 7book; !quote; & y pay
cancel : 7thanks; !bye; end

2. A session type for Alice (in its interaction with Bob):

share : 7address; lok; end

Sag = lcost; &
close: Ibye; end
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Example: A Two-Buyer Protocol

Correctness follows from the interplay of the following properties:
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R(EN

A\ N



Example: A Two-Buyer Protocol

Correctness follows from the interplay of the following properties:

e Fidelity — implementations follow the intended protocol.

o Safety — they don't feature communication errors.

R(EN

A\ N



Example: A Two-Buyer Protocol

Correctness follows from the interplay of the following properties:

e Fidelity — implementations follow the intended protocol.

R(EN

o Safety — they don't feature communication errors.

e Deadlock-Freedom — they do not “get stuck” while running
the protocol. /

A\ N



Example: A Two-Buyer Protocol

Correctness follows from the interplay of the following properties:

e Fidelity — implementations follow the intended protocol.

o Safety — they don't feature communication errors.

e Deadlock-Freedom — they do not “get stuck” while running
the protocol.

e Termination — they do not engage in infinite behavior (that
may prevent them from completing the protocol)



Linear Logic: Sequent Calculus

The sequent

is interpreted as A; ® --- ® A, — B.
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Linear Logic: Sequent Calculus

The sequent

is interpreted as A; ® --- ® A, — B.

Structural rules:

AEA Ay AF B A, A B, A EC

AFA A, Ay B A, B, ANEC

Notice: In sequent calculus, each connective is “explained” with
- a left rule,

- a right rule, and

- the interactions with the cut rule.
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MAILL: Multiplicative Additive Intuitionistic LL

AB = 1|A@B|A—-B|A&B|A®B
®R QL
R I A [+ B LA BFC
AR A DE1 = 7
[1,[,FA®B AR BFC
Cut —oR —ol_
[FA " A+ B [LAFB A [, B C
rr"+nB [FA—oB [1{,[3,A—oBFC
&R &L, DR, ®L
A B A +HC [+ A, A FC [ A C

r-A&B A& AFC [FA DA AL QA REC



Outline

Computational Interpretation of LL: Statics
Output and Input
Unit and Axiom
Additives
Cut
Processes
Example
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Propositions As Types

The ‘standard’, sequential case (aka Curry-Howard correspondence,
formulae-as-types, proofs-as-programs, ...):

Intuitionistic logic propositions <= types describing data
Natural deduction derivations <= terms in the A-calculus
Proof reductions <= [-reductions
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Propositions As Sessions

Today, the concurrent case:

Linear logic propositions <= types describing behavior (sessions)
Sequent calculus derivations <= processes in the m-calculus
Cut reductions <= communication between processes
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Propositions As Sessions

Today, the concurrent case:

Linear logic propositions <= types describing behavior (sessions)
Sequent calculus derivations <= processes in the m-calculus
Cut reductions <= communication between processes

> We shall follow the correspondence between session types and intuitionistic LL

by Caires & Pfenning (2010).
» Also relevant: the correspondence with classical LL by Wadler (2012).
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Key Ideas
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Key Ideas

e We shall consider a language of processes (denoted P, @, ...) that interact by
synchronizing on names (denoted z, vy, z, .. .).

e Processes can send/receive messages on names, using sequencing and parallel
composition. We shall gradually “extract” their syntax from proofs.
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Key Ideas

e Interpret the logical sequent
Ay, -+ A, C
as a typing judgment, under a suitable reading of propositions as sessions:

T Az A E Pz C

AK_’—\

[Process P offers protocol C on channel z]

[ by relying on protocols A, ..., A, on channels zy, . . ., :rn}
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The Typed Process Language, courtesy of Curry-Howard

P, Q::

(vy) (z(y).(P | Q))

z(y).P

z()

z().P

r<al;; P
z>{1;: Py, ...,
(vz)(P| Q)

[y + z]

0

send y over z, then execute P and @
receive y over z, then execute P
close session z

wait-close session z, then execute P
select label 1; along z, then execute P
branch on z, offering labels 14, ..., 1,
parallel composition of P and Q on z
forwarder between sessions z and y

inaction (silent interpretation)



The Typed Process Language, courtesy of Curry-Howard

> As we will see, the process language is typed in the sense that the type system
(sequent calculus) will exclude certain process forms.
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The Typed Process Language, courtesy of Curry-Howard

> As we will see, the process language is typed in the sense that the type system
(sequent calculus) will exclude certain process forms.

» For instance, the process P | @ will not be typable.
Instead, typing only allows (vz)(P | @), with conditions on P and Q.

» Similarly, the process Z(y).P will not be typable.
Instead, the process (vy)Z(y).(P | Q) is allowed, with conditions on P and Q.
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Interpreting Propositions as Session Types

IU; S | send value of type U, continueas S | 77
?U:; S | receive value of type U, continue as S 7

end terminate the session 7
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end terminate the session 1

Notice: A non-commutative reading of ®!
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Examples

Let's consider again our typing judgment by looking at some examples:
Az . BFP: y:C®D

IFQ:y:A—oB

. A®B,y: C®DFR:z:1
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Examples

Let's consider again our typing judgment by looking at some examples:

Az . BFP: y:C®D
Process P offers an output protocol along y, provided that its environment
provides session protocols A and B along x; and zp, respectively.

IFQ:y:A—oB

zT:A®B,y: C®DFR:z:1
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Examples

Let's consider again our typing judgment by looking at some examples:
Az . BFP: y:C®D

IFQ:y:A—oB
Process @ offers an input protocol along y, without requiring anything from its
environment.

2. A®B,y: C®DFR:z:1
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Examples

Let's consider again our typing judgment by looking at some examples:
Az . BFP: y:C®D

FQ:y:A—oB

2. A®B,y: C®DFR:2z:1
Process R does not offer visible behavior z and yet depends on two different
protocols from its environment, on names z and y.
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Propositions as Session Types: A ® B

We have some decisions to make:
AMFP:y: A A HQ:xz: B
A, NgE77:77: AR B

Ay A z:BFR:z:C
A2 AR BR7?7?2::2:C
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Propositions as Session Types: A ® B

AMFP:y: A AHQ:xz: B
A, Dk (vy) (2(y) (P Q) iz A®B
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Propositions as Session Types: A ® B

AFP:y: A Ao Q::z: B
Ay, Do (vy) (z(y). (P Q) z: A®B

[Send Yy over T J
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Propositions as Session Types: A ® B

[Execute P and @Q in parallel}

AMFP-y:A M::::B

A, Ao (vy) (Z(y).(P|Q))nz: A®B

[Send Yy over T j
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Propositions as Session Types: A ® B

[Execute P and Q in parallel}

AFP:y: A M:DZB

A, Dok (vy) (Z(y).(P Q) z: A®B

[Declare channel y as local, i.e., private}

[Send y over T }
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Propositions as Session Types: A ® B

AMFP:y: A A FQ:xz: B
Ay, Do b (vy) (Z(y).(P|Q)) nz A® B

Ay A z:BFR:z:C
Az: AR Brz(y)R:z:C

/

[To use a ‘®’, receive a name on a:j
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Propositions as Session Types: A — B

For A — B, we have a symmetric situation:

Ay A-P:2z2:B
AF2(y).P:z:A—B

AMFP:y: A z:B,AFQ:z:C
A,z:A—o B, AMF(vy)(ZT(y).(P|Q)) :z: C
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Propositions as Session Types: A — B

For A — B, we have a symmetric situation:

Ay A-P:2z2:B
AF2(y).P:z:A—B

All—P::y:A& B, Ao Q 2z
Ay, z: A— B, A F (vy) (Z(y). )iz C

[To offer a ‘—', we implement a receive}
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Propositions as Session Types: A — B

For A — B, we have a symmetric situation:

Ay A-P:2z2:B
AF2(y).P:z:A—B

Al,a::A—oB,Agl—(uy)(a: yr.

[TO use a ‘—o’, we implement a send} [To offer a ‘—', we implement a receive]
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Propositions as Session Types: The Unit 1 and Axiom

More decisions to make:

AFQ:z:C
OF?2?22:1 A7 1FE72:5:2:C T AFT?7y A
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Propositions as Session Types: The Unit 1 and Axiom

AFQ:z:C
Pz oz 1 Az:1Fz().Q:z:C z: Ay« z] iy A
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Propositions as Session Types: The Unit 1 and Axiom

[Close the channel :v}

L AFQ:z:C

PFz()z:1 Az:1lbz()Q:z:C z:AF[y<z] iy A
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Propositions as Session Types: The Unit 1 and Axiom

[Close the channel :v}

L AFQ:z:C

DFzZ()z:1 Az:1lbz()Q:z:C z: AbJy<z] iy A

/

[Wait for the channel z to cIoseJ
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Propositions as Session Types: The Unit 1 and Axiom

[Close the channel :v}

L AFQ:z:C

DFzZ()z:1 Az:1lbz()Q:z:C z: AbJy<z] iy A

/

[Wait for the channel z to cIose]

[Forward all messages between z and y}
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Propositions as Session Types: An Alternative for Unit 1

We have just seen an explicit interpretation of 1.
There is also the so-called silent interpretation:

[O Is the process that does nothing]
U AFQ::z:C
PHO:z:1 Az:1FQ:z:C

[No explicit action}
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Interpreting LL Propositions as Session Types

end terminate the session
U, S send value of type U, continue as S
U S receive value of type U, continue as S
Pérez (Univ. of Groningen) Logical Foundations of Concurrent Computation
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Interpreting LL Propositions as Session Types

end
'U; S
'U; S
S1® S,
S1 & S,

Pérez (Univ. of Groningen)

terminate the session
send value of type U, continue as S
receive value of type U, continue as S
select one between S; (left) and Sy (right)
offer the alternatives S; (left) and Sy (right)
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Interpreting LL Propositions as Session Types

end
'U; S
'U; S
S;1® S,
S1 & Sy
e{ly: 8,
&{l1:8, -

Pérez (Univ. of Groningen)

o Se}
o Se}

terminate the session
send value of type U, continue as S
receive value of type U, continue as S
select one between S; (left) and Sy (right)
offer the alternatives S; (left) and Sy (right)
select one between Si, .. ., Sy,

offer the alternatives S;, ..., S,

Logical Foundations of Concurrent Computation
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idem
“idem”

“idem”
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Propositions as Session Types: Additive Conjunction

Binary operators:

AFP:z: A AFQ:z:B
AFzo{inl: P,inr: Q} 2z : A& B

Az: AFQ:z:C Az:BFQ:z:C
Az: A& BFz<inl; Q: z:C Az A& BFz<inr; Q1 z:C

Notice: ‘<’ means sending a label and ‘" means receiving a label.
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Propositions as Session Types: Additive Conjunction

[Branch on z: proceed either as P or QJ

\AtP::m:A AFQ: z: A

At z¥{inl: P,inr: Q} :z: A& B

Az: AFQ:z:C Az:BFQ:z:C
Ax: A& BFzxz<inl; Q i z:C Az: A& BFz<inr; Qi z: C
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Propositions as Session Types: Additive Conjunction

[Branch on z: proceed either as P or QJ

\AtP::m:A AFQ: z: A

A+ z5{inl: P, inr: Q} :z: A& B

Az: AFQ:z:C Az:BFQ:z:C
Az: A& BFz<inl; Q: z:C Az: A& BFz<inr; Qi z: C

Lﬂf\J

[Select either left or right session continuation}
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Propositions as Session Types: Additive Conjunction

Let's look now at the generalized version:

[Branch on z: proceed as one of the PJ

/ A+ Pz A

AR xﬂ{h < 1,: Py} iz &{1,: Aiti<i<n

Az:AFQ:z:C
Az:&{1;, A}ttrz<l;Q:2z:C
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Propositions as Session Types: Additive Conjunction

Let's look now at the generalized version:

{Branch on z: proceed as one of the PJ

/ A+ Pz A

AR mﬂ{h < 1,: Py} iz &{1,: Aiti<i<n

Az:AFQ:z:C
Az:&{1,  A}ttFrz<algpQ:z:C

[Select exactly one of the session continuations}
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Propositions as Session Types: Additive Disjunction

For A @ B, we have a symmetric situation:

AFP: z: A AFQ:z:B
AFz<inl;,P::2z: A® B AFz<dinr;Q :z: A®B

Az AFP:z:C Az:BFQ:z:C
Az: A®BrFz>{inl: P;inr: Q} ::z:C
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Propositions as Session Types: Additive Disjunction

For A @ B, we have a symmetric situation:

AFP: z: A AFQ:z:B
AFz<inl;,P::2z: A® B AFz<dinr;Q :z: A®B

Az AFP:z:C A,ijl—Q::z:C
A®BFzo{inl : Pdnr: Q} 1 z: C

[To offer a ‘@', we implement a selection}
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Propositions as Session Types: Additive Disjunction

For A @ B, we have a symmetric situation:

AFP: z: A AFQ:z:B
AFz<inl;,P::2z: A® B AFz<dinr;Q :z: A®B

Az AFP:z:C Alz:BFQ:z:C
Az: A®BrFz>{inl: P;inr: Q} ::z:C

K\J

[To use a ‘P’, we implement a branchingj
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The Process Language, Up to Here

P, Q= [y<+ z| forwarder between sessions z and y
(vy) (Z(y).(P| Q)) send y over z, then execute P and @
z(y).P receive y over z, then execute P
z() close session z
z().P wait-close session z, then execute P
r<al;; P select label 1; along z, then execute P
z>{1l;: Py,..., 1, : P,} branch on z, offering labels 14, ..., 1,
0 inaction (for the silent interpretation)

What are we missing?
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Propositions as Session Types: Cut

AMFP: z: A Nz AFQ:2z:C
Ay, Ny =77 o 2:C
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Propositions as Session Types: Cut

[P can provide A along az}

[Q relies on  along A to provide z : C}

/

AMFP: z: A Nz AFQ:2z:C
A, NgE77 2 2:C

Pérez (Univ. of Groningen) Logical Foundations of Concurrent Computation 31 /52



Propositions as Session Types: Cut

[P can provide A along :1:}

[Q relies on z along A to provide z : C}

/

AMHFP .z A NApz: AFQ:z:C
A, M (ve)(P|Q):z: C
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Propositions as Session Types: Cut

[P can provide A along a:j

[Q relies on  along A to provide z : C}

/

AMFP: z: A Nz AFQ:2z:C
A, A (vz)(P|Q)iiz: C

—

[Execute P and Q in parallel}
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Propositions as Session Types: Cut

[P can provide A along a:j

[Q relies on  along A to provide z : C}

/

AMFP: z: A Nz AFQ:2z:C
A, A (vz)(P|Q)iiz: C

—

[Execute P and Q in parallel}

[Declare channel z local to P and Qj

Pérez (Univ. of Groningen) Logical Foundations of Concurrent Computation
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The Process Language, Now With Concurrency

P, Q ::

[y + 7]

(vy) (z(y).(P | Q))

z(y).P

z()

z().P

r<l;; P
z>{1;: Py,...,
0

(vz)(P| Q)

forwarder between sessions = and y
send y over z, then execute P and @
receive y over z, then execute P
close session z

wait-close session z, then execute P
select label 1; along z, then execute P
branch on z, offering labels 14, ..., 1,
inaction (silent interpretation)

parallel composition of P and Q on z



Open and Closed Systems

e Generally speaking, if we have a process P with judgment

oA, AyFE Py A

P is an open system: it can be composed with other processes.

Typing declares zy, ..., z, as “interfaces”.
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e Generally speaking, if we have a process P with judgment
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Open and Closed Systems
e Generally speaking, if we have a process P with judgment
oA, AyFE Py A

P is an open system: it can be composed with other processes.
Typing declares zy, ..., z, as “interfaces”.

e A processsuchas (0 F @Q :: y: Ais a closed system: its only “interface” is y.

e Interpreting cut as typed process composition gives us an immediate recipe for
obtaining a closed system. Example:

Ty Ay, xy Ap (vo)(P|Ry) iy A
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Open and Closed Systems
e Generally speaking, if we have a process P with judgment
oA, AyFE Py A

P is an open system: it can be composed with other processes.
Typing declares zy, ..., z, as “interfaces”.

e A processsuchas (0 F @Q :: y: Ais a closed system: its only “interface” is y.

e Interpreting cut as typed process composition gives us an immediate recipe for
obtaining a closed system. Example:

T3 Az, Zy Ap b (V) (v )(P | Ry) | Ry) ny: A
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Open and Closed Systems

e Generally speaking, if we have a process P with judgment
o AL, AyE Py A

P is an open system: it can be composed with other processes.
Typing declares z, .. ., z, as “interfaces”.
e A processsuchas () Q :: y: A is a closed system: its only “interface” is y.
e Interpreting cut as typed process composition gives us an immediate recipe for
obtaining a closed system. Example:

OF (van)(--- (va)(va ) (P | By) [ Ro) - [ Ra) iyt A

where processes R; offer A; on z;, i.e., 0 - R; = x; . A;.
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Open and Closed Systems

e Generally speaking, if we have a process P with judgment
o AL, AyE Py A

P is an open system: it can be composed with other processes.
Typing declares z, .. ., z, as “interfaces”.
e A processsuchas () Q :: y: A is a closed system: its only “interface” is y.
e Interpreting cut as typed process composition gives us an immediate recipe for
obtaining a closed system. Example:

OF (van)(--- (va)(va ) (P | By) [ Ro) - [ Ra) iyt A

where processes R; offer A; on z;, i.e., 0 - R; = x; . A;.
e The distinction between open and closed is key in the theory of processes in
general, and in the meta-theory of the interpretation in particular.
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Example: Processes for The Two-Buyer Protocol
e Recall Bob's involvement in the two-buyer protocol:

share : laddress; 7ok; end

?cost: @
close: 7bye; end

e Here's a possible process implementation for Bob in our process language:
Bob = b(y).b < share; (va)b{a).([a < a']| b(u).0)

(This is the silent interpretation!)



Example: Processes for The Two-Buyer Protocol
e Recall Bob's involvement in the two-buyer protocol:

share : laddress; 7ok; end
?cost: @
close: 7bye; end
e Here's a possible process implementation for Bob in our process language:
Bob = b(y).b < share; (va)b{a).([a < a']| b(u).0)

(This is the silent interpretation!)
e Process Bob is well-typed, as the following judgment is provable:

a :AFBob:b:C— ®{share: A® (OK —o1); close: 1}

bobProto

where, for simplicity, C = A =0K = 1.



Example: Processes for The Two-Buyer Protocol

e Let us now consider an implementation for Alice. She is involved in two
different sessions, on which she depends, so we expect a judgment:

b : bobProto, s : sellerProto - Alice :: z : 1

e We can define the process Alice, which manages both sessions:

share : b(addr).s <buy;s{p).s{addr).b(ok).0

5(book).s(q)-b{q).be{ close : s<cancel; b{bye).s{exit).0

}

e This way, the complete (closed) system would look as follows:

(vb)((vs)(Alice | Seller) | Bob)
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Outline

Dynamics
Cut Reduction
Process Reduction
Properties
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Proof Simplification and Process Semantics

e Up to here, we have seen how to interpret propositions as session types, and
how to extract processes from proofs.

e This is only half of the expected correspondence.
We must clarify how proof simplification corresponds to the semantics of

processes.
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Proof Simplification and Process Semantics

Proof transformations have different consequences on processes:

e Principal cut reductions induce process reduction, denoted —, a relation that
defines the behavior of a process on its own (i.e. synchronizations).
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Proof Simplification and Process Semantics

Proof transformations have different consequences on processes:
e Principal cut reductions induce process reduction, denoted —, a relation that
defines the behavior of a process on its own (i.e. synchronizations).
e Some proof transformations correspond to structural congruence, denoted =,
a relation that describes syntactic rearrangements for processes.
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Proof Simplification and Process Semantics

Proof transformations have different consequences on processes:

e Principal cut reductions induce process reduction, denoted —, a relation that
defines the behavior of a process on its own (i.e. synchronizations).

e Some proof transformations correspond to structural congruence, denoted =,
a relation that describes syntactic rearrangements for processes.

e Commuting conversions do not have precise correspondences, but can be
explained via behavioral equivalences.
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Principal Cut Reductions: Synchronization via 1 (1/4)

AFQ:z:C
PFz()z:1 Az:1Fz().Q:z:C
A+ (vz)(2()|2().Q) 2: C

e
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Principal Cut Reductions: Synchronization via 1 (2/4)

DFz()z:1 Az:1Fz()Q:z:C
AI—(um)(T(Hm()Q) nz: C

—
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Principal Cut Reductions: Synchronization via 1 (3/4)

Prz()z:1 Az:1bz().Q:z:C
AI—(um)(T(Hm()Q) nz: C

—
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Principal Cut Reductions: Synchronizationvia 1 (4/4)

AFQ:z:C
PEzZ()z:1 Az 1tbz()Q:z:C
Al—(um)(f(ﬂm().@) z: C
I
AFQ:z:C

This way, we have extracted the following reduction on processes:

(vz)(z() 1 20.Q) — @
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Principal Cut Reductions: Synchronization via ®

AMFP iy A A Qi iz B A3,y . Az:B+FR:z:C
A, M- (vy)z(y) (Pl Q) z: A® B N,z AR BrFa(y).R:z:C

A1 Bo, BsF (v2)((vy)Z(y).(P| Q) |2(y).R) = 2 C

-




Principal Cut Reductions: Synchronization via ®

MFPiyA 510025 ByiAsiBFRizC

Ay, Ao (vy)z(y).(P| Q) iz A® B Nz, z: AR Bt z(y)R:z:C

Ay, Ao B - (v2) (vy)2(y).(P| Q) | 2(v).R) 2 : C

e




Principal Cut Reductions: Synchronization via ®

MFPiyA 51025 ByiAsiBFRizC

AL A wy)ZT(y). (Pl Q) iz: AR B Nz, z: AR BtFz(y)R:z:C

Ay, Ao, Ag - (uw)((uy)f< ).(P|Q)|2(y).R)=z:C

Ay, z: B, As- (vy)(P|R)::




Principal Cut Reductions: Synchronization via &

AMFP:y: A A FQ:z: B As,y:Az:BFR:z:C

A, A E(wy)z(y). (Pl Q) iz A® B N,z AR BFa(y).R:z:C

A1, Dy, As - (va)((vy)Z(y).(P| Q)| 2(y).R) 2 : C

—
AMFPy: A As,y: A,z: BFR:z:C
A FQ:z: B A,z B, AsEWwy)(P|R)::z:C

Ay, Do s+ (va)(Q | (vy)(P|R)) i z: C

This way, we have extracted the following reduction on processes:

(vz)((vy)z(v).(P| Q) | 2(y).R) — (vz)(Q | (vy)(P | R))



Principal Cut Reductions: Synchronization via —o
The case of —o is similar. We have the following:
A,y:AFR:z:B APy A Az, z . BFQ:z:C
AFz(y)R:z:A—B Ny, A3,z A—BF (vy)z(y).(P| Q) z:C
Dy, Dy, As - (va)(2(y).R| (vy)T(y).(P| Q) 2: C

which, omitting large bits of the derivation, can be simplified into

Ay, DAy, A= (vz)((vy)(P|R)| Q)2 C

Pérez (Univ. of Groningen) Logical Foundations of Concurrent Computation 42 / 52



Principal Cut Reductions: Synchronization via —o
The case of —o is similar. We have the following:
A,y:AFR:z:B APy A Az, z . BFQ:z:C
AFz(y)R:z:A—B Ny, A3,z A—BF (vy)z(y).(P| Q) z:C
Dy, Dy, As - (va)(2(y).R| (vy)T(y).(P| Q) 2: C

which, omitting large bits of the derivation, can be simplified into
A1, Do, As+ (va)((vy)(P|R)[Q) 12 : C
That is, we have the following reduction on processes:

(vz)(2(v).R | (vy)Z().(P| Q)) — (vz)((vy)(P| R)| Q)
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Where is My Communication?

P In our rules, we have seen processes such as

(vz)(z(y) R | (vw)z(y).(P | Q))

where the input parameter and the sent message are the same (i.e. y).
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Where is My Communication?

P In our rules, we have seen processes such as

(vz)(z(y) R | (vw)z(y).(P | Q))

where the input parameter and the sent message are the same (i.e. y).

» In general, these names need not match. In that case, reduction involves a
name substitution and scope extrusion. In the case of —o:

Dy, Dy, As - (vz)(2(y).R| (vw)Z(w).(P | Q)) = z: C
—
Ay, Dy, Dy b (vz)((vw)(P | R{¥/y})| Q) =2z : C
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Where is My Communication?

P In our rules, we have seen processes such as

(vz)(z(y) R | (vw)z(y).(P | Q))

where the input parameter and the sent message are the same (i.e. y).

» In general, these names need not match. In that case, reduction involves a
name substitution and scope extrusion. In the case of —o:

Ay, DAy, Az E (uaz)(m(y).R | (vw)Z(w). 2z )\C

[R contains occurrences of y}

e
Ay, Dy, As+ (va)((vw)(P | R{¥/y})| Q) 12: C
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» In general, these names need not match. In that case, reduction involves a
name substitution and scope extrusion. In the case of —o:
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Where is My Communication?

P In our rules, we have seen processes such as

(vz)(z(y) R | (vw)z(y).(P | Q))

where the input parameter and the sent message are the same (i.e. y).
» In general, these names need not match. In that case, reduction involves a
name substitution and scope extrusion. In the case of —o:
Dy, Dy, As - (vz)(2(y).R| (vw)Z(w).(P | Q)) = z: C
—

Ay, Dp, As+ (vz)((vw)(P | BR{¥/y})| Q) 12: C

T S

[The scope of w has expanded!j [Name w has been received by Rj
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Process Reductions from Cut Reductions: Choice (1/3)

ANFP: iz A AMFQuzxz: A Nz AFR:2z:C
ArFz>{inl: P, inr: Q} sz : A& B Ny,z: A& BFz<inl;,R::z:C

ANPWAYS = (l/:z:)(a: >{inl: P,inr: @Q} |z < inl; R) nz: C

s



Process Reductions from Cut Reductions: Choice (2/3)
MEPEEEA A Qic:ia BaziAbRiz:C

AjFzp{inl: P,inr: Q} mz: A& B Np,z: A& BlFz<inl; R z: C

ASIVAvY = (um)(x >{inl : P,inr: @Q} |z < inl; R) tz: C

—




Process Reductions from Cut Reductions: Choice (3/3)
MEPEEEA A Qic:ia BaziAbRiz:C

AjFzp{inl: P,inr: Q} mz: A& B Np,z: A& BlFz<inl; R z: C

ANIWAYS = (ua:)(a: >{inl : P,inr: @Q} |z < inl; R) tz: C
—

Ay, Az = (vz)(P | R)

This way, we have extracted the following reduction on processes:

(vz)(z{inl: P inr: Q} |z <inl; R) — (vz)(P| R)



Process Reductions: Composing Cut and Identity

y. Ably+z] iz A Az:AFP:z:C
Al—(l/a:)([y<—a:]]P) nz: C

e



Process Reductions: Composing Cut and Identity

y. Ably+z] iz A Az:AFP:z:C
Al—(l/a:)([y<—m]]P) nz: C

e

Ay: A P{¥Yz}:2z:C



Process Reductions: Composing Cut and Identity

y. Ably+z] iz A Az:AFP:z:C
Al—(um)([y<—a:]|P) nz: C

e

Ay: A P{¥Yz}:2z:C

This way, we have extracted the following reduction on processes:

(wz)(ly < 21| P) — P{y/z}  (with y & fn(P)



Semantics of Session-typed Processes: Summary

The relation — on processes is defined via principal cut reductions, as follows:

(vz)((wvy)z(v).(P1] Py) | 2(2).Q) —
(vz)(z>{1;: Pilier |21 R)  —
(um)(mQIi;R\mD{li ; Pz-}iej) —

(ve)(ly«z]|P) —
P—P —

(vz) (P | (vy)(Py| Q{Y/2}))
(vz)(P: | R)

(vz)(R| P;)

P{Y/z} (y is not free in P)
(vz)(P| Q) — (vz)(P'| Q)

All reductions remove a cut, possibly introducing new (smaller) cuts in the process.
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Other Proof Transformations

e Structural congruence, noted =, concerns “expected” properties of processes.
Examples (omitting side conditions):

(wz)((vy)(P| Q)| R) = (vy)(P | (vz)(Q | R))
(vz)(P | (vy)(Q| R)) = (vy)(Q | (vz)(P | R))
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Other Proof Transformations

e Structural congruence, noted =, concerns “expected” properties of processes.
Examples (omitting side conditions):

(wz)((vy)(P| Q)| R) = (vy)(P | (vz)(Q | R))
(vz)(P | (vy)(Q| R)) = (vy)(Q | (vz)(P | R))

e Commuting conversions induce “unusual” process equalities, denoted ~..
Examples (omitting side conditions):
z(u).y(w).P ~c y(w).z(u).P
z(u).(vw)y(w).(P1| Ps) ~c (vw)y(w).(z(u). P | P2)
z(u).(wy)(P1| Py) ~c (vy)(z(u).Py| Ps)

~ ¢ can be justfied via a (typed) bisimilarity on processes.
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Example: Commuting Conversions

The following proofs are valid: they concern actions on independent sessions.

Ay:A,z: Ay w: B, y:B+FP:z:C
Ay:A,z: Ay BB Fy(w)P:z:C
ANz: A ®Ayy:Bi®BFz(u)y(w).P:z:C

We also have:
Ay:A,z:A,w:B,y:B+FP:z:C
Aw:B,y Byz:AA®AtFz(u).P:z:C
ANz:Ai®RAyy: Bi® By Fy(w)z(u).P:z:C
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Example: Commuting Conversions
The following proofs are valid: they concern actions on independent sessions.

Ay:A,z: Ay w: B, y:B+FP:z:C
Ay:A,z: Ay BB Fy(w)P:z:C
ANz: A ®Ayy:Bi®BFz(u)y(w).P:z:C

We also have:

Ay:A,z:A,w:B,y:B+FP:z:C
Aw:B,y Byz:AA®AtFz(u).P:z:C
ANz:Ai®RAyy: Bi® By Fy(w)z(u).P:z:C

Intuition: The process interpretation is overly sequential.
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Example: Commuting Conversions (with Cut)

The following proofs are valid: they concern process optimizations.
A, u:Ay,z: APy B Ny,y: BEPy::z:C

Ay, D, u: Az Ay E (vy)(Py | P) iz C
A, DNz AL @ As b z(uw).(vy)(PL | Py) iz C

We also have:
A, u:Ay,z: A FP iy B
Al,ZE : A1®A2 F IE(’U,)P]_ Ly B
Al,Ag,m : Al ®A2 + (l/y)(ZE(U)Pl | P2) nz: C

Ny,y: BEPy:iz:C
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Properties of wDILL

Theorem (Subject Reduction, SR)
IfFAFP:z:Cand P— Q thenAFQ ::2z:C
SR ensures our expectations about session fidelity and communication safety.
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Properties of wDILL

Theorem (Subject Reduction, SR)
IfFAFP:z:Cand P— Q thenAFQ ::2z:C
SR ensures our expectations about session fidelity and communication safety.

Theorem (Deadlock Freedom, DF)
IfAF P :z:C and P +/— then P is blocked on either z or a channel from A

Corollary
IfQ P z:1and P #/— then P =Z().
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More on Deadlock Freedom

e Remarkably, the concurrent interpretation of LL leads to a type system that
avoids stuck processes.
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More on Deadlock Freedom
e Remarkably, the concurrent interpretation of LL leads to a type system that

avolds stuck processes.
e A paradigmatic example of a stuck process:

P = (vz)(vz)(z(y).(vw) z(w).(P1 | P»)
| (vy)z(w).(z(y). P3| Ps))

Note the circular dependency between the two processes in parallel.
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More on Deadlock Freedom

e Remarkably, the concurrent interpretation of LL leads to a type system that

avolds stuck processes.
e A paradigmatic example of a stuck process:
P = (vz)(vz)(z(y).(vw) z(w).(Py | P2)
| (vy)z(u).(z(y).Ps | Ps))

Note the circular dependency between the two processes in parallel.

e The following process does not have this dependency:

Q = (vz)(vz)(z(y).(vw) z(w) (@1 | Q2)
| (vy) z(y).(2(w). Qs | Qa))

Still, @ cannot be typed in the interpretation - can you see why?
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Taking Stock

Today:
e Concurrent interpretation of LL: statics and dynamics
Left and right rules per connective - rely and guarantee interactive behaviors

Cut reductions and process synchronizations
A look at the correctness properties ensured by the logic-based type system

The computational interpretation of proof transformations
More on deadlock freedom (DF)

Tomorrow:
e Asynchronous (classical) processes and DF
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