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CCS: Syntax I/

P, q = nil Inactive process
T process variable (for recursion)
W.p action prefix
P\ restricted channel
p(d] channel relabeling
p+q non deterministic choice
plq parallel composition
reczT.p recursion

(Note: operators are listed in order of precedence)
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Structural Operational Semantics

act SumL SumR Rec
g p2 5 g plrec - p/z] £ g
ppSp pitptg pitp g recz.p 5 g
ParL Com _ ParR
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3/32



Strong Bisimilarity



Strong Bisimulation I/

Consider
> A set of processes P.
» A binary relation R C P x P. We write p R ¢ when (p, g) € R.

R is a strong bisimulation if and only if

Vu,p'.p S p =3¢. 95 ¢Ap R
Vp,g.(p.gd) ER= ¢ A
Vu,,q’.qi>q’ :>E|p’.pi>p’/\p’7€q’
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Strong Bisimulation I/

Consider
> A set of processes P.
» A binary relation R C P x P. We write p R ¢ when (p, g) € R.

R is a strong bisimulation if and only if
V,u,p’.pﬁp’ :>Eiq’.qi>q’/\p’72q'
Vp,q.(p,q) E R = A
Vu,,q’.qi>q’ :>E|p’.pi>p’/\p’7€q’

Intuition: If two processes are related, then for any move of Alice, Bob can find
a move that leads to related processes. That is, Bob has a winning strategy.
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Exercise

D2

Y4

D3

Define the relation

Is R a strong bisimulation?

R = {(p1. q4), (P2, &), (P3. 85), (P2, G6), (D2, @7)}

de

gs a

qa

g
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Properties of Strong Bisimulation (1) I/

Union:
If R; and R, are two strong bisimulations then R; U R, is a strong bisimulation.

Proof:
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Properties of Strong Bisimulation (1) I/

Union:
If R; and R, are two strong bisimulations then R; U R, is a strong bisimulation.

Proof:

> Take (p, q) € R1 UR,.
First suppose p — p’. We must find ¢ < ¢’ such that (p’, ¢') € R1 U R,.
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Properties of Strong Bisimulation (1) I/

Union:
If R; and R, are two strong bisimulations then R; U R, is a strong bisimulation.

Proof:
> Take (p, q) € R1 UR,.
First suppose p — p’. We must find ¢ < ¢’ such that (p’, ¢') € R1 U R,.

» Since (p, g) € R1 U R, we know that p R, ¢ for some ¢ € {1, 2}.
Since R, is a strong bisimulation and p 25 p’, then ¢ % ¢’ and p' R, ¢'.
Hence (p’, ¢') € R1 UR..
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Properties of Strong Bisimulation (1)

Union:
If R; and R, are two strong bisimulations then R; U R, is a strong bisimulation.

Proof:

> Take (p, q) € R1 UR,.
First suppose p — p’. We must find ¢ < ¢’ such that (p’, ¢') € R1 U R,.

» Since (p, q) € R1 URy we know that p R; ¢q for some 7 € {1,2}.
Since R, is a strong bisimulation and p 25 p’, then ¢ % ¢’ and p' R, ¢'.
Hence (p’, ¢') € R1 UR,.

> Now suppose g =5 ¢’. We must find p = p’ such that (p', ¢') € Ry UR..
The analysis is exactly as in the previous case.
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Properties of Strong Bisimulation (2) I/

Inverse:
If R is a strong bisimulation then
R 2{(q.p)|(p,q) € R} is a strong bisimulation.

Proof:
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Properties of Strong Bisimulation (2) I/

Inverse:
If R is a strong bisimulation then
R 2{(q.p)|(p,q) € R} is a strong bisimulation.

Proof:

> Take (¢g,p) € R7L.
First suppose ¢ ~+ ¢’. We must find p £ p’ such that (¢’, p’) € Rt

» Since (¢, p) € R™! we know that p R g. Since R is a strong bisimulation
and ¢ & ¢/, then p £ p’ and p’ R ¢/. Hence (¢’,p') € R~1.
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Properties of Strong Bisimulation (2) Iw/

Inverse:
If R is a strong bisimulation then
R 2{(q.p)|(p,q) € R} is a strong bisimulation.

Proof:

> Take (¢g,p) € R7L.
First suppose ¢ ~+ ¢’. We must find p £ p’ such that (¢’, p’) € Rt

» Since (¢, p) € R™! we know that p R g. Since R is a strong bisimulation
and ¢ & ¢/, then p £ p’ and p’ R ¢/. Hence (¢’,p') € R~1.

> Now suppose p £+ p’. We must find ¢ £+ ¢’ such that (¢, p’) € R™L. The
analysis is exactly as in the previous case.
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Properties of Strong Bisimulation (3) I/

Composition:
If R, and R, are two strong bisimulations then
ReoRi={(p,q)|Ir.pn Ri 7 Ar Rz q} is a strong bisimulation.

Proof:
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Properties of Strong Bisimulation (3) I/

Composition:

If R, and R, are two strong bisimulations then
ReoRi={(p,q)|Ir.pn Ri 7 Ar Rz q} is a strong bisimulation.
Proof:

> Take (p, q) € R20R;.
First suppose p - p’. We must find ¢ £ ¢’ such that (p’, ¢’) € Ry 0 Ry.
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Properties of Strong Bisimulation (3)

Composition:
If R, and R, are two strong bisimulations then
ReoRi={(p,q)|Ir.pn Ri 7 Ar Rz q} is a strong bisimulation.

Proof:
> Take (p, q) € R20R;.
First suppose p - p’. We must find ¢ £ ¢’ such that (p’, ¢’) € Ry 0 Ry.

» Since (p, q) € Ry 0 Ry we know that p Ry r and r R, g, for some r.
Since Ry is a strong bisimulation and p = p’, then 7 25 7 and p’ Ry 7.
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Properties of Strong Bisimulation (3) Iw/

Composition:
If R, and R, are two strong bisimulations then
ReoRi={(p,q)|Ir.pn Ri 7 Ar Rz q} is a strong bisimulation.

Proof:
> Take (p, q) € R20R;.
First suppose p - p’. We must find ¢ £ ¢’ such that (p’, ¢’) € Ry 0 Ry.

» Since (p, q) € Ry 0 Ry we know that p Ry r and r R, g, for some r.
Since Ry is a strong bisimulation and p = p’, then 7 25 7 and p’ Ry 7.

» Also, since R5 is a strong bisimulation and r £ ' then q LN q’ and
" Ry q'. Hence (p', q') € Ry o R;.
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Properties of Strong Bisimulation (3) Ig{/

Composition:
If R, and R, are two strong bisimulations then
ReoRi={(p,q)|Ir.pn Ri 7 Ar Rz q} is a strong bisimulation.

Proof:
> Take (p, q) € R20R;.
First suppose p - p’. We must find ¢ £ ¢’ such that (p’, ¢’) € Ry 0 Ry.
» Since (p, q) € Ry 0 Ry we know that p Ry r and r R, g, for some r.
Since Ry is a strong bisimulation and p = p’, then 7 25 7 and p’ Ry 7.
» Also, since R5 is a strong bisimulation and r £ ' then q LN q’ and
" Ry q'. Hence (p', q') € Ry o R;.

> Now suppose g =5 ¢’. We must find p £ p’ such that (p’, ¢') € Ry o Ry.

The analysis is exactly as in the previous case. )
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Strong Bisimilarity (~) I/

p =~ q iff exists a strong bisimulation R with (p,q) € R
~ £ U R
Rissb

Properties:
» Strong bisimilarity is an equivalence relation (reflexive, symmetric, transitive).
» Strong bisimilarity is a strong bisimulation.
» Strong bisimilarity is the largest strong bisimulation.
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Example: Constructing a Bisimulation I/

A: Show a bisimulation containing (po, gs).

Po 44 LN ar
b
Q: How to prove py >~ q47 ‘/ \1 (/‘1 \f’
b ds ds

D1 —— D2

> R ={(po q)} K\‘ /
b a
: b3
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Example: Constructing a Bisimulation I/

Q: How to prove pg =~ q47

v . U — q
A: Show a bisimulation containing (po, gs). . . (/a \?
> R ={(po, )}
Aoy : b a5 ds
» For any py = p’, we must find a L ——>D2
g *» ¢’ s0 that (p/, ¢') € R. \?/; \b/\b>a
a

Ps
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Example: Constructing a Bisimulation

Q: How to prove py >~ 47

A: Show a bisimulation containing (pg, g4). Fo
> R ={(po, ¢u)} ‘/ \1
> For any pg 2 p’, we must find a b
qa 2 g’ so that (p’,¢') € R. L

> For any g =+ ¢', we must find a K\? /:1
Do 2, p’ so that (', ¢') € R. a ~

11/32



Example: Constructing a Bisimulation

Q: How to prove pg >~ q47
A: Show a bisimulation containing (po, g4).

Do
> R ={(po, qu)}
> For any pg 2 p’, we must find a ‘/ \’
Qs 2, g’ so that (p’, ¢') € R. s b v
1 ——> P2
» For any q4 2 q’, we must find a
p0i>p’ so that (p’, ¢') € R. K\? /1
» Deadlocked states (no outgoing a4 Ds
transitions): ps, g7, gs.
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Example: Constructing a Bisimulation I/

A: Show a bisimulation containing (po, gs).

Po 44 LN ar
b
Q: How to prove py >~ q47 ‘/ \1 (/‘1 \f’
b ds ds

D1 —— D2

> R ={(po q)} K\‘ /
b a
: b3

11/32



Example: Constructing a Bisimulation I/

Q: How to prove py >~ q4?

Po . 44 2, a7
A: Show a bisimulation containing (po, ga). (/ \z (/a \?
> R = {(po. 9:)} b
a gs ds
» We have py; = p. Pr —— P2
All a-moves from q4: g5, g6, g7. \? /:1 \b/ \b> a
a
b3
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Example: Constructing a Bisimulation I/

Q: How to prove py >~ q47

- . . Po g qr
A: Show a bisimulation containing (pg, g4). b
> R ={(po. )} U{(p1, ). (P1. %)} ‘/ \Z /a \?
> We have py — p;. b g %
) P1—— P2
All a-moves from q4: g5, g6, q7.

» We add (pi, g5) and (p1, gs) to R. K\? /:z
We don't add (p1, g7). a -
3
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Example: Constructing a Bisimulation I

Q: How to prove py >~ q47
A: Show a bisimulation containing (pg, g4).

» R ={(po. )} U{(p1. ). (P1. %)} Po U —— q

U{(p2. 97)}
» We have pg = p. 4 a4 / \
All a-moves from q4: g5, g6, g7.
\b / @ .

g8 <—— Qo
a

D1 —— P2

» We add (p1, g5) and (p1, gs) to R.

We don’t add (p1, g7). @ /:z

> We also have py = p,. Given all N\,
a-moves from g4, we add (pz, g7).
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Example: Constructing a Bisimulation

Q: How to prove py >~ q4?
A: Show a bisimulation containing (po, g4).

» R ={(po. )} U{(p1. ). (P1. )}

U{(p2. g7)}
» We have p; = p.
All a-moves from q4: g5, g6, q7.
» We add (pi1, g5) and (p1, gs) to R. D1 N D2

We don't add (p1, ¢7). )
» We also have pg = p,. Given all ) ¢
a-moves from g4, we add (ps, g7). D3

» We now check all ¢’ such that
g = ¢': all pairs are in R.
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Example: Constructing a Bisimulation

Q: How to prove py >~ q4?
A: Show a bisimulation containing (pg, g4).

Do
» R ={(po. )} U{(p1. ). (P1. )}
U{(p2. g7)} ) )
b

» We check (p1, ¢5). Dy s
All b-moves from pi: ps, p3.

All b-moves from gs: qa, gs. K\? /:1
From p;, we add (p2, gs), (3, ¢2) to R. a .

From gs, no new pairs.
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Example: Constructing a Bisimulation

Q: How to prove pg >~ q47
A: Show a bisimulation containing (pg, ¢4).

> R ={(po, g)} U{(p1. ¢5). (P1. g6)}
U{(p2. g7)} U{(p2. g8). (P3. qa)}

» We check (p1, g5).
All b-moves from p;: ps, D3.
All b-moves from g¢s: qa, gs.

From p1, we add (s, gs). (Ps3. qs) to R.

From g5, no new pairs.

» We check (ps, ¢7) and (pa, gs): they
satisfy vacuously the conditions.

Do
b
P1 —— Do

Y

(14—>Q7

[
L)

gz <— Q9
a
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Example: Constructing a Bisimulation I/

Q: How to prove pg >~ q47
A: Show a bisimulation containing (po, ¢4).

Po 44 LN qr
b
» R ={(po, ga)} U{(p1. g5). (P1. g6)} a a (a a
U{(p2. ¢7)} U{(p2. gs). (P3. @)} /b\ q/ \q

» We now check (p1, gs). Pr—— P2

All b-moves from p;: ps, D3. ,
All b-moves from g¢s: gs, go. a4
a
Ps

The only new pair is (ps, o).
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Example: Constructing a Bisimulation

Q: How to prove py >~ q47
A: Show a bisimulation containing (pg, g4).

» R ={(po. )} U{(p1.5). (P1.g6)}
U{(p2. g7)} G ——> g

U{(p2. gs), (p3, 1)} U{(ps, %)}
» We now check (p1, gs). / \ (/ \
All b-moves from pi: ps, D3.
\ ék////i:/ \ bii) a

All b-moves from g¢s: gs, qo.
The only new pair is (ps, g9). @ /:z
> We check (ps, qa). = D s < Qo
3 a

All a-moves from pz: D1, Ps.
All a-moves from q4: g5, g6, g7.
No new pairs.

4 —————* D
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Example: Constructing a Bisimulation

Q: How to prove py >~ 47

Do
A: Show a bisimulation containing (pg, g4).
> R ={(po, g)} U{(p1, g5), (P1, g6)} (/ \z
U{(p2. 97)} . b s
U{(p2, g8), (3, aa) } U{(ps. g0)} ' ?

» Finally, we check (ps, q9). \? /:z
No new pairs and we are done. a v
3
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Strong Bisimilarity is a Congruence I/

Congruence allows us to replace any process with an equivalent one in any
context, preserving the overall behavior.

Congruence: For all contexts C, p ~ g implies C[p] ~ C|q].
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Strong Bisimilarity is a Congruence I/

Congruence allows us to replace any process with an equivalent one in any
context, preserving the overall behavior.

Congruence: For all contexts C, p ~ g implies C[p] ~ C|q].

More precisely:
> p~qg=Uup>ugq
p~g=p\a~g\x
p =~ g = pl¢] = q[d]
Do~ QAP1 > = Do +P1=q+q

»
>
>
> Do~ QADIE G =D P Q| ¢
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Strong Bisimilarity is a Congruence I/

Congruence allows us to replace any process with an equivalent one in any
context, preserving the overall behavior.

Congruence: For all contexts C, p ~ g implies C[p] ~ C|q].

More precisely:
> p~qg=Uup>ugq
> p~g=p\ax~g\a
> p~g=p[d] ~ q[¢]
> Do @ADL G =P+ DP1 > gt ¢
> AD g =l o
In all cases, the proof technique consists in:
(i) devising a relation R large enough to contain all pairs of interest; and

(ii) showing that R is contained in strong bisimilarity. )5



Some Laws I/

Properties of sum and parallel composition:

p+nil~p plnil~p
P+g~qg+p plg~gl|p
pt(g+r)~(p+q)+r plglr)=(@la)lr

p+tp=p

13/32



Some Laws

Properties of sum and parallel composition:

p+nil~p
P+g>~qg+p
pt(g+r)=(+g) +r
p+p=p
Properties of restriction and relabeling:
nil\o ~ nil
(u.p)\a ~nil if u€{a, a}
(wp)\o >~ p.(p\a) if p&{o, a}
(P + a\a~(p\a)+ (¢\a)
p\o\a ~ p\a
p\a\B ~ p\B\o

p|nil ~p
plg~gl|p
plglr)=(@la)lr

nil[¢] ~ nil
(k-p)[#] ~ ¢(1).p[¢]

(p + 9)¢] = (pld]) + (q[¢])
p[¢l[n] = p[no ¢

13/32



Weak Transitions
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Comparing Buffers I/

» The sequential buffer of capacity 2:

mn mn
— — >
B2 B2 B2

out out

> The parallel buffer and the linked buffer:

Bi|B; By ~ By
out Out
By | Bs ~ _B{|Bf Bi~5B; - By ~ B}
out B& | Bll out Bll - Bll
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Comparing Buffers I/

» The sequential buffer of capacity 2:

mn mn
— — >
B2 B2 B2

out out

> The parallel buffer and the linked buffer:

Bi|B; By ~ By
out Out
By | Bs ~ _B{|Bf Bi~5B; - By ~ B}
out B& | Bll out Bll - Bll

» Are they all strongly bisimilar?
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Silent Transitions I/

> T-transitions are silent, non observable: they represent internal steps of the
system.
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Silent Transitions I/

> T-transitions are silent, non observable: they represent internal steps of the
system.

> They are necessary to relate
- an abstract specification (few 7's)
- with a concrete implementation (many 7's)
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Silent Transitions I/

> T-transitions are silent, non observable: they represent internal steps of the
system.

> They are necessary to relate
- an abstract specification (few 7's)
- with a concrete implementation (many 7's)

» Can we abstract away from them? Can we find a broader equivalence?
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Weak Transitions I/

p=qiffp (5) g

(p=g¢vp 5Dy

pZqiffIp. ¢ p=0p ¢ =g

Intuition:
> p = g means:
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Weak Transitions I/

p=qiffp (5) g
p=q)Vp Do -5 g

pZqiffIp. ¢ p=0p ¢ =g

Intuition:

> p == g means: p can reach g via a (possibly empty) finite sequence of
T-transitions.

A
> p = ¢ means:
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Weak Transitions I

p=qiff p (5)" ¢
p=q)Vp = -+ > ¢

pZqiffIp. ¢ p=0p ¢ =g

Intuition:
> p == g means: p can reach g via a (possibly empty) finite sequence of
T-transitions.
> p 2 g means: p can reach ¢ via a A-transition possibly preceded and
followed by empty/finite sequences of T-transitions.

17/32



Weak Bisimulation Game V4D

More power to the defender! At each turn:
» Alice chooses one process and one ordinary (strong) transitions.

» Bob must reply with a weak transition of the other process, matching the
label of the transition chosen by Alice.

If Alice picks a silent transition, Bob can just leave the other process idle—he can
choose not to move.
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Example

We have:

B} ~ B;
‘i/ «
B! ~ B} - By ~ Bf
out /
B! ~ B}
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Example
~ B}
/ %
B! ~ B} B! ~ B}
‘\\\\\\\\\i b///ffk////
~ B!
We have:

» B} ~ B} = B} ~ B}
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Example
~ B}
/ %
B! ~ B} B! ~ B}
‘\\\\\\\\\i b///ffk////
~ B!
We have:

> Blr\BléBgmBg

» B} ~ B} = B} ~ B}
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Example
~ B}
/ %
B! ~ B} B! ~ B}
‘\\\\\\\\\i k///ffk////
~ B!
We have:

> BlmBléBgmBg
» B} ~ Bf & B} ~ B}

> B! ~ B} 2% B! ~ B}

19/32



Weak Bisimulation I/

R is a weak bisimulation if and only if

v,u,,p’.pi>p’ :>E|q’.q£>q’/\p’7€q’
Vp,q.(p,q) E R = A
V,u,,q’.qi>q’ :>E|p’.p£>p’/\p’7€q’
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Weak Bisimulation I/

R is a weak bisimulation if and only if
Vu,p'.p B p =3¢.¢q ¢ AP RY

Vp,q.(p,q) € R =
D.q (p q) V,U,, q/.qi>q/ éap/.pép//\p/,]—\)’ql
N——

Alice plays Bob responds

20/32



Weak Bisimilarity (~) V4D

p ~ gq iff exists a weak bisimulation R with (p, gq) € R

Properties:
» Weak bisimilarity is an equivalence relation (reflexive, symmetric, transitive).
» Any strong bisimulation is a weak bisimulation.
» Strong bisimilarity implies weak bisimilarity.
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Example I Y,

mn mn
2 — > 2 — > 2
BO \_/Bl \_/32

out out
1 1
k B]_ ~ BO %
Bi ~ B} . B} ~ B}
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Example

mn mn

2 — > 2 — > 2
BOY\_/BlvB2
’ out & out

J

We have the weak bisimulation:
R = {(B§, By ~ By),
(B, By ~ By),
(B, B ~ B})}
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Example
mn mn
BE_ B "B
’ out out )

LB
B} ~ B; BlfﬂB1
out Bol“’\ B} n
Some checks (1):
B =, B2
R R
B ~B} = B! ~ B}

We have the weak biS|muIat|on.

R ={(Bg, By ~ B),
(Bf, By ~ By),
(Bf, By ~ B),
(B, B ~ By)}

1 1 m 1 1
By ~ B, B ~ B

B} . B?
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Example
mn mn
BB B "B

out out
~B
B ~ B1 T B1 ~ Bl
out Bol“/\ Bll mn

Some checks (2):
B2 I, B2
R R

We have the weak bi5|mulat|on.

By ~ By),
By ~ By),
B, ~ By),
B))}

R = {(B;.
=5
(B,
(B, By ~

t
Bf ou Bg

R R
Bl ~ B} L B}~ B}
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Example
mn mn
BB B "B

out out
~B
B ~ B1 T B1 ~ Bl
out Bol“/\ Bll mn

Some checks (3):

Bl ~B} =+ B}~ B}
R R
B} = B}

We have the weak bi5|mulat|on.

(Bf. By ~ By),
(B, By ~ By),
(B;, By ~ By)}
B %, B2
R R
B! ~ B} 2, Bl ~ Bl

22/32



Shortcomings of Weak Bisimilarity (1) I/

Under weak steps, guarded processes can have infinitely branching LTSs.
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Shortcomings of Weak Bisimilarity (1) I/

Under weak steps, guarded processes can have infinitely branching LTSs.

Example
Consider P £ recz. 7.z | B. We have:

P

> P|f——P|BIf——

|

T.P T.P|B T.P|B|B
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Shortcomings of Weak Bisimilarity (1) I/

Under weak steps, guarded processes can have infinitely branching LTSs.

Example
Consider P £ recz. 7.z | B. We have:

pP—>P|B——P|B|B——
B 5(' 5{
T.P T.P|B T.P|B|B

Note: T-prefixes are not the issue. Consider P 2 recz. (a.z | @ | B)\c.
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Shortcomings of Weak Bisimilarity (2) I/

Weak bisimilarity cannot distinguish between deadlock and silent divergence.

Example

» Consider the processes rec z. 7.z and nil.

> \We have
recz. 7.z ~ nil

because recz. 7.z — recz. 7.z and nil = nil.
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Shortcomings of Weak Bisimilarity (3) I/

Weak bisimilarity is not a congruence (with respect to +).

Example (P ~ @Q but C[P] # C[Q])

25 /32



Shortcomings of Weak Bisimilarity (3) I/

Weak bisimilarity is not a congruence (with respect to +).

Example (P ~ @Q but C[P] # C[Q])

» Consider P 2 o and @ = T.a. We have P ~ @ because:
-if P % nilthen Q = nil and if Q = a then P = P.
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Shortcomings of Weak Bisimilarity (3) I/
Weak bisimilarity is not a congruence (with respect to +).

Example (P ~ @Q but C[P] # C[Q])

» Consider P 2 o and @ = T.a. We have P ~ @ because:
-if P % nil then Q = nil and if @ = a then P = P.

» Now consider the context C[] £ [] + 8.
We have: C[P] £ a+ 3 and C[Q] = T.a + 8.
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Shortcomings of Weak Bisimilarity (3) I/
Weak bisimilarity is not a congruence (with respect to +).

Example (P ~ @Q but C[P] # C[Q])

» Consider P 2 o and @ = T.a. We have P ~ @ because:
-if P % nil then Q = nil and if @ = a then P = P.

» Now consider the context C[] £ [] + 8.
We have: C[P] £ a+ 3 and C[Q] = T.a + 8.
» A bisimulation game between C[P] and C[Q)]:

Alice plays C[Q] = a (B is discarded) ~ Bob can only reply C[P] = C[P]

Alice plays C[P] B, nil Bob cannot reply: a 7@)
Alice wins: C[P] # C[Q)]
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Shortcomings of Weak Bisimilarity (3) I/
Weak bisimilarity is not a congruence (with respect to +).

Example (P ~ @Q but C[P] # C[Q])

» Consider P 2 o and @ = T.a. We have P ~ @ because:
-if P % nil then Q = nil and if @ = a then P = P.

» Now consider the context C[] £ [] + 8.
We have: C[P] £ a+ 3 and C[Q] = T.a + 8.
» A bisimulation game between C[P] and C[Q)]:

Alice plays C[Q] = a (B is discarded) ~ Bob can only reply C[P] = C[P]
Alice plays C[P] B, nil Bob cannot reply: a 7@)
Alice wins: (C[P] % C[Q] What to do?
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Weak Observational Equivalence (=) I/
pRqgiffp=gAVr.p+r~gqg+r

Equivalently:

- vpp B p =3¢.¢" g5 ¢ = dAp ¢
~ gl
p=4 Vp’,k.p@p’ :>E|q’.q£>q’/\p’zq’

(and vice-versa for actions from g.)
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(and vice-versa for actions from g.)

> Note: = is defined in terms of ~.
An internal action p = p’ must be matched by at least one internal action.
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Weak Observational Equivalence (%) I/
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Equivalently:

o [p —p =3¢ a2 =dNp ]
=gl
P=1 Vp’,k.p@p’ :>E|q’.q£>q’/\p’zq’
(and vice-versa for actions from g.)

> Note: = is defined in terms of ~.
An internal action p = p’ must be matched by at least one internal action.

» |n the bisimulation game, Bob is not allowed to use an idle move at the very
first turn; in subsequent turns, the ordinary weak bisimulation game applies.
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Weak Observational Equivalence (=) I/
pRqgiffp=gAVr.p+r~gqg+r

Equivalently:

~ g iff {Vp’.p Dop =3¢, ¢".9qg ¢ =q¢gnrp ~¢q
p=ql

Vp'Ap D p =3¢ ¢3¢ Ap ~q
(and vice-versa for actions from g.)

> Note: = is defined in terms of ~.

An internal action p = p’ must be matched by at least one internal action.

» |n the bisimulation game, Bob is not allowed to use an idle move at the very
first turn; in subsequent turns, the ordinary weak bisimulation game applies.

» Theorem: = is the largest congruence contained in ~.
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Weak Observational Equivalence (%) I/

pRqgiffprgAVr.p+r=gq-+r

Example

» Consider processes

pPETa ¢ =2a

We have p’ ~ ¢’ but also p’ % ¢’.
> Let p £ 3.9 and ¢ £ B.q'. We have both p ~ g and p = g.
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Weak Observational Equivalence (%) I/

pRqgiffprgAVr.p+r=gq-+r

Example

» Consider processes

pPETa ¢ =2a

We have p’ ~ ¢’ but also p’ % ¢’.
> Let p £ 3.9 and ¢ £ B.q'. We have both p ~ g and p = g.

All the laws for strong bisimilarity are still valid. Moreover, Milner's 7-laws hold:

DH+TDRTD
p(p+71q) Zp(p+71.9) +pg
w.rT.p=u.p
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Two Seemingly Equivalent Systems I Y,

q11

e

D1 D2 D3 Ds de ar 0[] q12
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Two Seemingly Equivalent Systems I/
di1
/

D1 D2 D3 Ds de ar 0[] q12

» Processes p; and gg are weakly bisimilar.
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» Processes p; and gg are weakly bisimilar.

» From p;, the choice between b and ¢ is made after the a-transition.
From ge, there is a computation where c is discarded already after a.
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Two Seemingly Equivalent Systems I
di1

e

a T

D1 D2 D3 Ds de ar 0[] q12

» Processes p; and gg are weakly bisimilar.

» From p;, the choice between b and ¢ is made after the a-transition.
From ge, there is a computation where c is discarded already after a.

» One may then argue that p; and g have a different branching structure
(their timing for choices differs) and should not be equivalent.
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Branching Bisimilarity I/

R is a branching bisimulation if and only if Vpy, ¢;. (p1, ¢1) € R we have:
A
> Vpi.p1 = Dl
> either A = 7 and 3¢/. ¢1 = ¢} with (p1,q]) € R and (q1. q]) € R.
> or3dg, ¢l.q1 = ¢ 2, g; with (p1,¢9) € R and (p].¢q]) € R.

» (the symmetric conditions from g¢i)
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Two Seemingly Equivalent Systems I/

q11
/
gs dio
/ /
g6 > qr T g0

We see that p; and g are not branching bisimilar:

Dy

/
a T b

D1 D2 D3 Ds

q12

» given the transition g — gs, p1 can respond only with p; = p; = ps;

> however, p, cannot be related to g¢g, as only py can perform c.
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Summary I/

CCS

Strong bisimulation and strong bisimilarity (~)

Dealing with internal actions: weak bisimilarity (=)

Subtle interplay between interal actions and non-determinism

vvyyVvyvVvyy

Weak observational equivalence (&) and branching bisimilarity

Next: The m-calculus.
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The End
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